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Abstract. We present the first example of a polynomial Pio defining a singu- 
lar K3 surface Yio whose Mahler measure is expressed in terms of the Mahler 
measure of the faces of its Newton polyhedron and the L-series of the K3- 
surface. 



1. Introduction 

The logarithmic Mahler measure m{P) of a Laurent polynomial P e C[X^^, X^^] 
is defined by 

m{P):=-±-f log|P(xi,...,x„)|^...^ 

where T" is the n-torus {{xi, Xn) € C"/|a;i| = ... = |a;„| ~ 1} 

and has a strange link with Calabi-Yau varieties. Its story can be explained briefly 

considering the Mahler measure of polynomials 

Xo + Xi + X2 + ■ ■ ■ + Xn- 

The known results are m{xo + xi) — 0, m{xo + xi +X2) — L'{x-3, —1) (Smyth) |30j. 
m{xo + X1+X2 + X3) = 2^C(3) (Smyth) [50]. m{xQ + + X2 + X3 +X4) conjectured 
to be related to L' (/,—!) where / is a cusp form of weight 3 and conductor 15 
(Rodriguez- Villegas) [7j. The cusp form / is equal to 

f= J2 9™'+'""+'"^K9)rK9')'7('z')'7('z'')- 

This conjecture can be verified to a high accuracy [l^ and L{f, s) is equal to the 
L-series of the X3-surface [19] which is the minimal resolution of singularities of 
the surface in P'' given by the equations 

Xq + Xi + X2 + Xi, + X4 = 

11111 

— + — + — + — + — = 0. 

Xq Xi X2 Xz Xi 

Finally, m{xQ + xi -\- X2 + xj, + x^ -\- x^) is conjectured to be related to L'{g, —1) 
where 5 is a cusp form of weight 4 and conductor 6 (Rodriguez- Villegas) [7]. It 
is also verified to a high accuracy and the L-series is equal to the L-series of the 
Barth-Nieto quintic [31 . 
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In fact, these two last guesses of Rodriguez- Villegas have been made possible 
thanks to a deep and intriguing insight of Maillot [15] concerning the Mahler 
measure of non-reciprocal polynomials i.e. polynomials P(xi, . . . , Xn) such that 
P{l/xi, . . . , 1/xn)/ P{xi, . . . , Xn) is uot a monomial. The logarithmic Mahler mea- 
sure of a polynomial can be interpreted as the integration of a differential form on 
a variety and when the polynomial is non-reciprocal, the variety in question is an 
algebraic variety of dimension less than n. Moreover, the expression of the Mahler 
measure should be encoded in the cohomology of this variety. In the previous ex- 
amples you may observe that the variety is a curve of genus if n = 2, a product of 
three planes if n = 3, a if 3-surface if n = 4 and the Barth-Nieto quintic if n = 5. 

On the opposite side, when the polynomial is reciprocal, Deninger[10j is the pio- 
neer and my result here concerns generalizations of Deninger's result. Note that 
Rodriguez- Villegas's conjectures require results for reciprocal polynomials. That is 
for me a strong motivation to compute many examples in that direction. 

Let P{x, y) be a polynomial in two variables with integer coefficients. Suppose that 
P does not vanish on 2-torus with = {{x,y) e / I 2^ 1 = 1 y 1= !}• W 
P is associated to an elliptic curve E, such that the polynomials of the faces Pp 
of P (defined in terms of the Newton polygon of P) are cyclotomic, the following 
relation between the logarithmic Mahler measure of P, m{P), and the L-series of 
the elliptic curve E 

N 

miP) = ^LiE,2) = L'{E,0) 

is conjectured to hold. ( = means equality up to a rational coefficient and N is the 
conductor of E [TD] [5] [2U] [H]). After Deninger's guess of such exphcit formulae 
[TU] , Boyd gave a lot of examples of the same type where the rational coefficient was 
determined numerically [5]. Then Rodriguez- Villegas proved some formulae when 
the corresponding elliptic curve E has complex multiplication [50] [H]. His proof 
uses the expression of the logarithmic Mahler measure of a polynomial in terms 
of Eisenstein-Kronecker series. For more examples see [3]. Recently Brunault [8], 
Lalin and Rogers [Mj gave also some proofs of such relations. 

In a previous paper [5] we proved the analog of these formulae for three particular 
P of the same family (Pk) 

Pk = x'^yz + xy'^z + xyz^ + t^{xy + xz yz) — kxyzt. 

These particular P define singular modular ^"3 hypersurfaces and their Mahler 
measure is only related to the i-serics of the corresponding if 3-surface. 
This paper deals with the polynomial 

Pio ~ x'^yz + xy'^z + xyz^ + t^{xy + xz ^ yz) — lOxyzt, 

defining the iir3-hypersurface Yiq. This polynomial belongs to the first family 
Pk of if 3 hypersurfaces whose logarithmic Mahler measures have been studied in 
As explained in [3], the derivative of the logarithmic Mahler measure with 
respect to the parameter is a period of the corresponding if 3 hypersurface; thus, 
only the transcendental lattice is relevant for the Mahler measure. The generic 
member of the family has Picard number 19. Special members of the family have 
Picard number 20, thus a 2-dimensional transcendental lattice. The polynomial 
Pio is among these special members. The L-series of Fio corresponds to just a 2- 
dimensional piece of the 22-dimensional of the if 3 hypersurface. Since this if 3 
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hypersurfacc has Picard number 20, this 2-dimensional piece is its transcendental 
lattice. The difference with the previous examples is the following. For computing 
the determinant of the Picard lattice, we need a more elaborate desingularization 
of the singular fibers. For that purpose, we use the Neron's model JTJ. But the 
main difficulty was to find an infinite section. This section is defined over Q(\/— 3) 
and was discovered by Lecacheux [13j . Moreover, the formula giving the Mahler 
measure of Piq is more tricky and we use an idea due to Zagier ^35j and explained 
in [4] . This idea led me to discover how to separate in the expression of the Mahler 
measure, the contribution of the face and the modular part. We are also indebted to 
Boyd who guessed numerically the following relation between the Mahler measure 
of two polynomials of the family, I mean P2 and Piq 

m(Pio) = 2fi3 + 3m(P2). 

In fact Boyd remarked that the two moduli rio and T2 (defined below in section 
2) of the corresponding polynomials Pio and P2 belong to the same imaginary 
quadratic field Q{\/—2). So he suspected a relation between the corresponding 
Mahler measures. 

The aim of the paper is to prove the following theorem. 



Theorem 1. Let Yio the K3 hypersurface associated to the polynomial Pj 



10 

Pio = x'^yz + xy'^z + xyz'^ + t^{xy -\- xz + yz) — lOxyzt. 

If L{Yio, s) denotes the L-series of the hypersurface Yio, one gets the following 
relations. 

') 

k,m 

where f is the C M -newform of weight 3 and level 8 given in /|23j . Table 1], 
2) Let define as in [5] 

3V3 ^,_2V3^ 1 

^3 :- -^L{X-3, 2) - — 2^ (m2 + 3P)2- 

The Mahler measure and the L-series satisfy the equality 
m(Pio) = 2d, + l ldetTy.J^/^ 

9 TT'^ 

where Ty-^g denotes the transcendental lattice of the surface Yiq. 

Remark 1. The L-series of the two K3-surfaces Y2 and Yio corresponding respec- 
tively to the polynomials P2 and Pio are the same. So, by Tate's conjecture there 
would be an algebraic correspondence between Y2 and Yiq |34| . 
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2. Previous results 
Let Pk denote the Laurent polynomials 

We recall the following theorem [4]. 
Theorem 2. Let us write k ^ t + j for 

^ ?7(t)?7(6t) g 
^(2T)77(3r)^ ' 
where rj is the Dedekind eta function 

n>l 

and 

g = exp^'^*^ , 



Then 



i(Pfe)=^y-4f23?- ^i- -+ 



Stt'^ ^-j^ \ (mr + n)3(mr + n) (rnr + n)^(TOr + n)^ 
1 1 



+ 16 |^25R 
- 36 ( 23? 



(2mT + n)3(2mT + n) (2mT + n)2(2mT + n)'^ 
1 1 



144 23fJ 



(3mr + n)^(3mT + ri) (3mT + n)^(3mT + rt)^ 
1 1 



(6mT + n)-^(6mT + n) (6mT + 7i)^(6r7iT + n)^ J 
3. The Neron's model 

We recall the Neron's desingularization only for semi-stable singular fibers. For the 
other cases we refer to [17]. From now on, we use Neron's notations. The key tool 
is the following theorem. 

Theorem 3. (Neron) 

Let an elliptic curve defined over <C[s\, given by a Weierstrass model Eg and denote 
V the s-adic valuation. Suppose that Eq has a double point with distinct tangents 
and v{j{Es)) = —m < f<J=> Eq is singular of type Lm in Kodaira's classification) . 
Then, for every integer I > m/2, there exists a Weierstrass model Eg deduced from 
Eg by a transformation of the form 

(1) X = x + qz 

(2) Y — y + ux + rz 

(3) Z 

with g, r, u G C[s]. The Weierstrass model £s is given by 

Y'^Z + XXYZ + ^JYZ^ ^X^ + aX^Z + (3XZ^ + 
with coefficients satisfying 

v{\^ + 4a) = 0, v{^^) > /, v{l3) > I, v{j) = to, v{j{£s)) = ~m. 



THE MAHLER MEASURE AND THE L-SERIES OF A SINGULAR K3 SURFACE 



5 



A singular fiber of typo /,„ is composed of non singular rational curves Oo, Oi, 
Qm-i in such a way that (8s. Ot) < 1 (i.e. 8s and 8f have at most one simple 
intersection point) if s < t and 8^ ("1 8s fl 8( is empty for r < s < t. So the divisor 
of the singular fiber can be written 

80 + 81 + ... + 8„_i 

with 

(80.81) = (81.82) = ... = (8s.8s+i) = ...(8„_2.8„_i) = (8„_i.8o) = 1. 

3.1. The Neron's model. In the Ncron's model, the configuration of the fiber 
of £s over s = is performed in the space P2 x P2 x ... x P2 {h times) for h = [m/2] 
if m = 2h. 

A point {X : Y : Z) oi Eg corresponds in the Ncron's model to the point {X -.Y : 
Z(i)) X (X : r : Z(2)) X ... X (X : r : Z^')) where {X -.Y : Z(*+i)) = {X -.Y : sZ^^) 
for < i < /i - 1. 
So, if (X : y : Z) satisfies 

Y'^Z + XXYZ + ijYZ'^ = X^ + aX'^Z + PXZ'^ + jZ^, 

since Z^^) = sZ, the point {X :Y : Z^^)) satisfies 

+ AXyz(i) + ^F(Z(i))2 = sX^ + aX^Z^'^ + ^X{Z^^^f + ^iZ^^^f . 
s s 

Because of valuations, if /i > 1, n/s, f3/s, still belong to C[s]. 
Now if /i > 2, in the singular fiber s = 0, we get 

F^z^i) + AoXyz(i) - aoX^Z^i) = Z(i)(y2 + AoXy - aoX^) = 0, 

that is 

Z(i)(y - i^oX){Y - i7oX) = 

since Ao + 4q:o ^ 0. 

Thus, a point {X : Y : Z) oi Eg, singular over ,s = 0, i.e. giving the point (0:0:1) 
for s = 0, corresponds to the point {X : Y : Z^^^) = {X/s : Y/s : Z) in the 
first component of the desingularized fiber. For s = this last point is either still 
(0 : : 1) or (xi : i^O'^i : 1) or (xi : i7qXi : 1). In the two last cases, it has been 
desingularized either on the 80,1 or 8o,m-i- 
In the first case the desingularization must be pursued. 

At the last step, if m = 2h, and if the point (X : Y : Z) singular over s = is 
not desingularized at the h — 1 step, then (X/s''~^ : Y j s^~^ : Z) gives (0:0:1) 
for s = 0; but [X/s^ : Y/s^ : Z) gives, for s = 0, {xi : yi : z\) with xi, yi and zi 
satisfying the equation of a conic 

Y^Z + XoXYZ = aoX^Z + ^^Z^. 

If m = 2/1 + 1, the last step is like the first one. 

Finally, keeping track of all these data and denoting like Neron, c° = (0 : : 1), 
tti = (1 : 1^° : 0) and a? = (1 : : 0), w^, v° and v° respectively the lines Z = 0, 
Y = u^X, Y = u^X and the conic C^, we can describe the components 80, i- 
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So the Neron's model allows us to identify each rational component 8o.i of a singular 
fiber, hence to know which component is cut by a section through the surface or 
by the exceptional divisor of the desingularization of a double point. 



3.2. Some known facts concerning the L-series of a if3-surface. For defi- 
nitions concerning /-CB-surfaces, see for example [4^. 

Let y be a smooth projective variety of dimension d over a finite field k with q 
elements. Suppose moreover that V is geometrically irreducible (i.e. irreducible 
over some algebraic closure of k). Let Nn denote the number of points of in a k- 
extension of degree n. Then, the zeta function attached to V is defined by 

Zv{T) :=exp(V7V„ — ). 

^ — ' n 

n>l 

By Weil's conjectures (1949), proved by Dwork (1960) and Deligne [see for example 
[llj]. we know that Zv{T) is a rational function with coefficients in Q satisfying 
the functional equation 

Zvi^)^±{q''/'TrZviT) 

for some c e N. 

If V is an algebraic iCB-surface defined over Q, then, for almost all primes p, its 
reduction modulo p is again a ifS-surface that we denote Vp. Moreover, one can 
show that Zy^ (T) is of the form 

^^"^^^ = (1 -T)(l -p2T)P2(T) 
where P2{T) is a polynomial of degree 22 satisfying ^2(0) = 1 and such that 

P2{T) = QpiT)Rp(T) 

where RpiT) comes from the algebraic cycles with Rp(^) & 'L\r\ and Qp(T) comes 
from the transcendental cycles. Under some conditions, the H^'^ part of the Hodge 
decomposition of intersected with H'^{V, Z) has dimension 20. In that case, the 
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if3-surface is singular, that is to say of Picard number p ~ 20 and its transcendental 
lattice is of rank 2. Hence Qp{T) is of degree 2 for all primes p not dividing an 
integer N . The Langlands's philosophy says that one can define the Qp{T) for p 
dividing N in such a manner that 

p ' n> 1 

be the Dirichlet series of a cusp form. 

For example if the affine equation of the surface is given by 

t^{x + y)(a; + z){y + z) + xyz = 0, 

the weight of the cusp form is 3 and the level determined by the determinant of the 
transcendental lattice. In that case, the cusp form is 

/(z) = ^{zfT](2z)^{'^z)^{%zf e 53(ro(8),e8) 

where eg is the character associated to Q(V— 2). 



3.3. Two results of Shioda. We refer the reader to Shioda's article [27] but also 
to [25], [Mj. 

1) Let $ : X ^ be an elliptic surface with a section and consider the sections 
of this elliptic fibration i.e. determined by the rational points of the corresponding 
elliptic curve defined over the field of rational functions in s. 

Denote by r(<I>) the rank of the group of sections. Then the Picard number piX) 
satisfies the equation 

h 

(4) p(X) = r(a>) + 2 + ^(m,-l) 

where h is the number of singular fibers and the number of irreducible compo- 
nents of the corresponding singular fiber. 

2) Let (5, P^) be an elliptic surface with a section $, without exceptional curves 
of first kind. 

Denote by NS{S) the group of algebraic equivalence classes of divisors of S. 
Let u be the generic point of P^ and <i>~^(u) = E the elliptic curve defined over 
K — C{u) with a /^-rational point o = o{u). Then, E{K) is an abelian group of 
finite type provided that i{E) is transcendental over C. 

Let r be the rank of E{K) and si,...,Sr be generators of E{K) modulo torsion. 
Besides, the torsion group E{K)tors is generated by at most two elements ti of 
order ei and t2 of order 62 such that 1 < 62, e2|ei and | E{K)tors |= 6162. 
The group E{K) of X-rational points of E is canonically identified with the group 
of sections of S over P^(C). 

For s e E{K), we denote by (s) the curve image in S of the section corresponding 
to s. 

Let us define 

Do. ■■= (sa) - (o) 1 < a < r 
D'p:^{tp)~{o) (3^1,2. 
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Consider now the singular fibers of S over P^. We set 

i::={vGF'^/Cy = <^-'^{v) be a singular fiber} 

and for each v gT,, Qv,i, < i < m„ — 1, the irreducible components of Cy. 
Let 9„,o be the unique component of Cy passing through o{v). 
One gets 

Cy — ^y^O ~\~ ^ ^ l^v,i^v,ii l^v^i ^ I- 
i>l 

Let Ay be the matrix of order my — 1 whose entry of index is (0^,^^0^,,j), 

hj > 1) where {DD') is the intersection number of the divisors D et D' along S. 
Finally / will denote a non singular fiber, i.e. / = C„q for uq ^ S. 

Theorem 4. The Neron-Severi group NS{S) of the elliptic surface S is generated 
by the following divisors 

f, Qv,i {1 < i < my - 1, V €T,) 
{o),D^ l<a<r, D'p (3 = 1,2. 
The only relations between these divisors are at most two relations 



CffD'^ « e/s{D'^{o))f + ^(e,,i, ey,m,-i)e0A-' 
where w stands for the algebraic equivalence. 



4. Proof of theorem 1 

4.1. Determinant of the transcendental lattice. The polynomial Pio defines 
a non-smooth surface Siq which gives after desingularization the K3-surface Fio- 

Theorem 5. The determinant of the transcendental lattice o/Fio is equal to 72. 

Proof. To compute the determinant of the transcendental lattice of Fio we choose 
an elliptic fibration to build a Neron model and apply Shioda's results. The proof 
however involves several lemmas useful later on. 

The i^S-surface Fio is a double cover of the Beauville's rational elliptic surface 
defined by 

{xi + + zi){yi + zi) + uxiyizi = 

Let us recall its singular fibers: 
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Now cutting Yio by the hyperplane t = s{x + y + z), you get, after simplification, 
the corresponding elliptic fibration 

s^ix + y){x + z){y + z) + [s^ - 10s + l)xyz = 0. 
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Thus, putting m = (s^ — 10s + l)/s^, we deduce from above, the singular fiber 
structure of this elhptic fibration of the iiTS-hypersurface Yio : 

of type Ii2 

of type I2 

of type I2 

{a^ - 10a + 1 0) of type I3 

iP^ - 10/3 + 1 0) of type I3 

of type /i 

of type h . 

From (4) since p = 20 ( 18 ), it foUows r — 1 and in order to describe the Neron 
-Severi group, we need an infinite section on the surface. 
The singular surface Siq contains the 7 double points 
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at 


s 


= 1/9 



Poi = (1 : : : 0) P02 = (0 : 1 : : 0) Po3 = (0 : : 1 : 0) Po4 = (0 : : : 1) 

P12 = (1 : -1 : : 0) P13 = (1 : : -1 : 0) P23 = (0 : 1 : -1 : 0). 

The double points P12, P13, P23 lie in all the singular fibers. The double points 
Poi, P02, Po3 lie only in the singular fiber above 0. 

The 4 lines P01P03-P13, ^02^03^23, P01P02P12, P12P13P23 of respective equations 

y = t = a; = t = z = t^O x + y + z^O t^O 

passing each through three double points and the lines P03P04, PoiPo4i -fo2-Po4 of 
respective equations 

x^O y^O y = z = x^O z = 

passing each through two double points, lie on the surface. 

We shall complete the generators of NS{Yiq) with the infinite section E. 

4.2. The Weierstrass model Eg and the infinite section S. Now we need a 
suitable Weierstrass model to apply Neron's desingularization. 
Starting with the cubic projective equation Cs 

s'^{x + y){x + z){y + z) + (s^ - 10s + l)xyz = 0, 

we use a projective transformation sending the flex point (1 : —1 : 0) with flex 
tangent 

s^{x + y) + (s^ - 10s + l)z = 

to the flex point (0:1:0) with flex tangent Z' = 0. 
This birational transformation 

X' = s4(10s- l)(a; + y) 

Y' = -s'*(10s-l)(s2-10s + l)2/ 

Z' = s2(a; + y) + (s^ - 10s+ l)z 

gives the Weierstrass model 



Y'^Z' + (s^ - 10s + 1)X'Y'Z' = X'^ + X''^Z's^{l - 10s - s^) + X'Z'^(10s^ - s^). 
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In this model, we find with Pari the torsion points 

se = (s2(10s- 1) : : 1) 
5s6 = i-s^ + 10s3 : -s2(iOs - l)(s^ - 10s + 1) : 1) 
2se = (s^ : : 1) 
4s6 = (s'' : -s\s^ - 10s + 1) :) 
3s6 = (0 : : 1) 
(0). 

The infinite section S was found by Lecacheux [13] and is defined by the point 

^' = ' 106251264 ^^ -V^+s{l9V^ - 3) - .\78 + 82^^) + IGOs'^) 
(13+5V^-s(145+37V^)+244s2)(8s-l)(28s-5-\/^)(4lV^-9)(2s-l)(5s-l) 

Z' = s^. 

Thus S is defined over 

4.3. The Neron's model over s = 0. Using a transformation as in theorem 3, 
we obtain the Neron-Weierstrass model Eg over s — 

y^Z + XYZ{s'^ - 12s + 1) + rz2(2s8 - 24s^) = 

X3 + X'^Z[s - 10s2 - 9s3 - s* + 6s6) + XZ2(2s^ - 39s8 - 36s9 - 4sio + 12si2) 
+Z3(-si2 - 38si4 - 36si5 - 4si6 + Ss^S) 

with 

X = (-s* + lOs^ - 2s*^)(x + y) - 2s6(s2 - 10s + \)z 

Y = (-s^ + lOs^ + s^)x + (s^ - 21s5 + llls*^ - lOs^ + s^)y + (s^ - lOs'^ + s^)z 
Z = s2(j; + y) + (s2 - 10s + \)z. 

In this model we have i/q = 0, i^g = — 1 and the equation of the conic is 

y2 + + = 0. 

Thus all the rational components of the Neron's model over are defined over Q 
and the point (—2 : 1 : 1) is on the conic. 

4.3.1. The infinite section. It corresponds to the point on 

X = -452 (1 - 30s + 357s2 - 2140s3 + Gibes'^ - lOSGOs^ + 6400s6 + 864sS)s 

Y = -jgigj ((130752 - 524800^/^)s9 + (1013760/=^ - 1572480)sS 
+ (-611640\/=3 + 2517768)s^ + (58776v^ - 1687896)s^ 

+(590274 + 80550V=3)s5 + (-116172 - 37872y/^)s'^ + (7665\/^ + 12924)s3 
+(-819v^ - 756)s2 + (45V^ + 18)s - V^) 
Z = s^ 

Thus S cuts 8o,o at the intersection point of 8o,o with the zero section (0). 
Now we proceed to describe which component cut the torsion points. 
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4.3.2. Torsion sections. The correspondance between the Es-modol {X' : Y' : Z') 
and the £s model {X -.Y : Z) is given by 

X = X' - 2s^Z' F = y + sX' + s^Z' Z = Z'. 

We find that the 6-torsion point .Sf; corresponds in the Es model to the point 

(-s^ + lOs'^ - 2/^ : -s^ + lOs"^ + : 1). 

So it is identified in the Neron model with the point 

(0 : : 1) X (-1 : : 0) X (-1 : : 0) X (-1 : : 0) X (-1 : : 0) X (-1 : : 0), 

hence belongs to 6o,2- 
So, we obtain 

5s6 e 9o,io 

2S6 e 6o,4 
3S6 e 6o,6 
4S6 G Bo,8 

(0) e 60,0. 

4.3.3. The exceptional divisors. 

• The exceptional divisor (Poi) cuts 9o,2 at the same point as the torsion 
section (sg). 

• The exceptional divisor (P13) cuts Qo,4 at the same point as the torsion 
section (2s6)- 

• The exceptional divisor (P03) cuts 0o,6 at the same point as the torsion 
section (Ssq). 

• The exceptional divisor (P23) cuts 9o,8 at the same point as the torsion 
section (4s6). 

• The exceptional divisor (P02) cuts 9o,io at the same point as the torsion 
section {5sq). 

• The exceptional divisor (P12) cuts 9o,o at the same point as the torsion 
section (0). 

Thus the exceptional divisors are exactly the torsion sections. 

4.4. The Neron's model over s = 00. In that case, we put s = 1/cr; so we get 
the projective cubic 

{x + y){x + z){y + z) + (cr^ - lOcr + l)xyz = 0. 
Now, using the change variables 

X = -((T^ - 10c7 + l)X' + y' 
y = -Y' 

z = X' + (j{(7-10)Z', 

X' = -{x + y){a'^ 
Y' = -yia"^ - 10o-)(cr2 - IQa + 1) 
Z' = a; + y + (0-2 - 10(7 + l)z, 
we obtain the Ecr-model. 

Y<-^Z' - (cT^ - 10(7 + \)X'Y'Z' = X'^ + X''^Z'{a^ - Wa - 1) + (IOct - a^)X'Z''^. 
And, by the change variables 
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X 20 

X' = — + —<tZ X = 9X' - muZ' 

9 o 

X V 10 

Y' = + —aZ Y = -27X' - 27Y' + 270aZ' 

9 27 3 

Z' = Z Z = Z' 

we get the Neron's model £„■ 
Y'^Z + XYZ{9 - 30(7 + 2,u^)^YZHma^{a - 10) 

= X^ - (27 - 180cr)X2z + XZ'^a^{^Vda + 2619) 
+ (243000-2 - 274860(72 + 48600(7^'). 

We have the relations 

X = -60(7((72 - 10(7 + l)z + (-9((72 - 10(7) - 60(7)(x + y) 

Y = 27{x + y)a'^ + 27y{a^ - 10a) (ct^ - 10(7 + 1) + 27Qza{a'^ - 10(7 + 1) 

Z = x + y + z{a^ - 10(7 + 1). 

In this model we get i/o = (—9 + 3\/^)/2, i% = (—9 — 3\/^)/2 and the equation 
of the conic is 

Y^ + 9XY + 27X2 - 24300^2 = 0. 

4.4.1. The infinite section E. The section S cuts at 

Y' = ——V^{(T^ + a^{-15 + 4\/=3) + (7(42 - 40\/=3) + 40 + 4^^) 

((7^ + (7(-10 + y/^) + 13 - 5\/^)((7 - 5 + \/^)((7 - 5)((7 - 2)((7 - 8) 

Z' = l 

which gives in the Neron model the point 

, 400 200 8200 , — , , 400 200 8200 , — , 

Thus the infinite section S cuts ©cxa.o- 

4.4.2. Torsion sections. In the i^cr-model (X' : Y' : Z'), there are two 6-torsion 
sections Sg = (10(7 - a"^ : (lOa - a^){a'^ - 10a + 1) : 1), 5se = (10(7 - : : 1), 
two 3-torsion sections Asq = (1:0:1), 2sq = (1 : cr^ — lOcr + 1:1), one 2-torsion 
section 3sq = (0:0: 1) and the zero section (0) = (0 : 1 : 0). We find that the 
6-torsion point sq corresponds in the model to the point 

(30(7 - 9(7^ : 27(7(-10 + 102(7 - 20(7^ + a^) : 1). 

So it is identified in the Neron model with the point 

(30 : -270 : 1) x (30 : -270 : 0) 

hence belongs to 6oo,i, since the point (30 : —270 : 1) lies on the conic. 
Similarly, we obtain 

5S6 = (30(7 - 9(7^ : 27(7^ : 1) (30 : : 1) x (30 : : 0) e ecx>,i 

4s6 = (9 - 60(7 : -54 + 540(7 - 27(7^ : 1) (9 : -54 : 0) x (9 : -54 : 0) e 600,0 
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2s6 = (9 - 60cr : -27 + 270cr : 1) (9 : -27 : 0) x (9 : -27 : 0) e Goo.o 
3s6 = (-60cr : 270cr : 1) (-60 : 270 : 1) x (-60 : 270 : 0) e 600,1 
(0) = (0 : 1 : 0) (0 : 1 : 0) X (0 : 1 : 0) G 600,0 

4.4.3. The exceptional divisors. 

• The exceptional divisor (P13) cuts 600,0 at the point (3(20ct — 3), — 27(10it — 
1),-1) (-9,27,0) X (-9,27,0). 

• The exceptional divisor (P23) cuts 600,0 at the point (3(20cr — 3), 27(cr^ — 
20(7 + 2, -1) (-9, 54, 0) X (-9, 54, 0). 

• The exceptional divisor (P12) cuts 600,0 at the same point as the torsion 
section (0). 

• The exceptional divisors (Poi) cuts 600,1 at the point (— 3cr(3cr— 10), 27cr^, 1) ^ 

(30, 0, 1) X (30, 0, 0), the same point as 5.sg. 

• The exceptional divisors (P02) cuts 600,1 at the point (— 3cr(3cr— 10), 27cr(— 10+ 
102(7 - 20(7^ + f7^), 1) (30, -270, 1) x (30, -270, 0), the same point at sq. 

• The exceptional divisors (P03) cuts 600.1 at the point (—60(7,270(7,1) 
(-60, 270, 1) X (-60, 270, 0), the same point as Ssq. 

4.5. The singular fiber over s = a. The rational components are the following 

• 6a, is the line defined by (a; + y = 0, t = az). 

• 6a, 1 is the line defined hj {y + z = Q, t = ax). 

• 6a, 2 is the line defined by (./■ + z = 0, t = ay). 

These components are defined over Q{y/Q)- 

• The section (sg) cuts 6a, i- 

• The section (2s6) and the exceptional divisor(Pi3) cut 6a, 2 at the same 
point. 

• The section (3s6) cuts 6a, o- 

• The section (4s6) and the exceptional divisor {P23) cut 6a,i at the same 
point. 

• The section (Ssg) cuts 6a, 2- 

• The section (0) and the exceptional divisor (P12) cut 6a, at the same 
point. 

The infinite section E gives a point {x : y : z) on Cg satisfying 

1 {s^ - 10s + l)(2a - l)^(5s - l)'(8a - 1)' 
+ 432 s2 

thus cuts 6a,0- 

4.6. The singular fiber over s — (3. The rational components are the following 

• 6/3,0 is the line defined by (a; + y = 0, t = f3z). 

• 6/3,1 is the line defined by (y + z = 0, t = (3x). 

• 6/3,2 is the line defined by (x + z = 0, t = Py). 

These components are defined over Q(v^). 

• The section (sg) cuts 6/3,1. 

• The section (2sg) and the exceptional divisor(Pi3) cut 6/3,2 at the same 
point. 

• The section (3sg) cuts 6/3,0- 
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• The section (4s6) and the exceptional divisor (P23) cut 6/3,1 at the same 
point. 

• The section (Ssg) cuts 6/3,2- 

• The section (0) and the exceptional divisor (P12) cut 6/3,0 at the same 
point. 

As previously, the infinite section S cuts 6/3,0. 



4.7. The singular fiber I2 over s = 1/10. The component 61/10,0 is defined by 
a; + y + z = t = 0. 

The component 61/10.1 is defined hy x + y + z = lOi xy + xz + yz — 0. 
These two components are defined over Q. 

The section {2sq) and the exceptional divisor(Pi3) cut 61/10,0 at the same point. 
The section (4s6) and the exceptional divisor (-P23) cut 61/10,0 at the same point. 
The section (0) and the exceptional divisor (P12) cut 61/10,0 at the same point. 
The sections (se), (Ssg) and (Ssg) cut 61/10,1. 
The infinite section E gives a point (x : y : z) on Cs satisfying 

x + y^z^ 2951124;^^^^ ^ + ^"^^^ + 37x/^)s + 2Us^) 

(13 + 5V^+ (-145 - 37v^)s + 244s2)(28s - 5 + V^)(28s - 5 - V^)(10s - 1), 
thus cuts 61/10, 0- 



4.8. The Gram matrix of the Neron-Severi lattice. We shall see that the 
Neron-Severi lattice is generated by 

(o), /, (S), (so), 60,,:, 1 < i < 11, 61/10,1, 600,1, 6q,i, 6a, 2, 6/3,1, 6/3,2- 
Moreover the only relation between these generators is computed to be 

6((s6) - (0)) = 12/ - (56o,i + 106o,2 + 96o,3 + 860,4 + 76o,5 + 660,6 + 56o,7 

46o,8 + 36o,9 + 660,10 + 60,11) - 36oo,i - 46^,1 - 26^,2 - 46/3,i - 26/3,2 - 36i/io,i. 

To get the intersection numbers of the divisors, we use the following result [25] . 
If D denotes a divisor on the surface V , with arithmetic genus Pa{D), then 

Moreover if the surface V is K3, the class K of the canonical bundle is 0. 
First we express the intersection matrix of the divisors in the following order 

(o), f, (S), 6o,i,l<«<ll, 61/10,1, 600,1, 6q,i, 6q,2, 6/3,1, 6/3,2. 
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This matrix has determinant —6^ x 72. 
Then we prove the foUowing lemma. 

Lemma 1. The Neron-Severi group NS{Yiq) is generated by the classes of the 
following divisors: 

(o), /, (E), (Se), eo,„l<i<ll, ei/10,1, 6004, 0a,l: 0a,2, 60,1.6/3,2. 

The only relation between these classes is: 

6((s6) - (0)) - 12/ - (56o,i + 1060,2 + 96o,3 + 860.4 + 76o,5 + 660,6 + 56o,7 

460,8 + 36o,9 + 660,10 + 60,11) - 36oo,i - 46„,i - 26„,2 - 46^,1 - 26^,2 - 36i/io,i. 
The determinant of the Picard lattice is equal to —72. 

Proof. Let A be the lattice generated by the classes of the divisors given in the 
lemma and A' the sublattice generated by the same divisors minus (se)- From the 
computation above 

det A' = -6^ X 72. 

But the only relation between these classes is the one given previously. So A' has 
index 6 in A. Now either A is the full Neron-Severi lattice or is of index 3 in it. 
In the latter case, there would be an element of (S) + k{sQ), k — 0, 5 which is 
3-divisible in NS{Yio). But taking the restrictions to the fibers over and 00 rules 
out that possibility for fc > 1. 
If S = 3Q, then either 

Q cuts 60,0, 600,07 6a, 1, 6/3,1, 61/10,0, 

or 

Q cuts 60,4, 600, Oj 6a, 1, 6/3,1, 61/10,0, 

or cuts equivalent curves for the Gram matrix. But in all these cases the determi- 
nant of the Gram matrix is different from —8. Hence detiV5'(yio) = —72. 

□ 

Remark 2. Following Peters and Stienstra, jl8j remark 7, the generic member 
of the family with p = 19 has a transcendental lattice T with basis {60,61,62} 
/O 1\ 

and Gram matrix 12 . For special members of the family with p = 20, 
there exists a vector peg + qei + re2, p, q, r ^7L which becomes algebraic. If t is 
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the corresponding modulus of the special member, this property is equivalent to the 
relation — 6pT^ + 12gr + r = 0. 

In our case the r corresponding to Yio satisfies the relation 2t^ + 1 — and Cq — 
Co — 3e2 becomes algebraic. Now take T' a sublattice of T with orthogonal basis 
{63,61,62} such that 

e'o =eo - 362 

e'l =ei 

62 =eo + 362- 
Computing its Gram matrix, we find 

f-6 0\ 

Gram{e'Q,e[,e'2) = 12 . 

\ 6/ 

Finally, {61,62} is a sublattice ofTy^o with Gram matrix 

Gram{e'i,e2) = 

Thus det(TYjJ = 72 or 8. 

Lemma 2. (1) Over the complex field, all the singular fibers are of type In- 
(2) Under the reduction modulo p, p ^ 2 . p ^ 3, the singular fibers are of the 
same type. Their components are defined over ¥p if {^) = 1. If {^) = 
the Frobenius exchanges the corresponding fibers of type I3 component by 
component. 



4.9. The reductions of Fio modulo 2 and 3. The reduction of Yio modulo 2 
and 3 is singular. By abuse of notation, when talking of the reduction modulo 2 or 

3, we mean its desingularization. 

Theorem 6. (1) The reduction o/Fio modulo 2 has singular fibers of type I12, 
I4, IV* over respectively 0, 00, 1. Over the field ¥2, it is a supersingular 
extremal elliptic K3-surface of discriminant —2^, hence of Artin invariant 
1. 

(2) The reduction of Yio modulo 3 has singular fibers of type I12 overO, Iq over 
— 1 and III over 00 and 1. 

Proof. 1) In characteristic 2, the discriminant is equal to s^^(,s — 1)*. So there are 
singular fibers over 0, 00 and 1. Above 0, the Weierstrass model is 

Y'^Z' + X'Y'Z'is'' + 1) = + X'2z's2(l - - X'Z'h^ 
The change variables X' = X + s'^Z, Y' = Y + s^Z, Z' = Z gives the model 
Y'^Z + (s2 + l)XYZ + (s^ + s^)YZ'^ = X^ + (s^ + + s'^)X'^Z 

+ (58 + S^^)XZ^ + (sl2 + sl5 + sl6 + gl8 + g21)23 

satisfying v{^i) = 12, v{l3) = 8 > 6, = 7 > 6 and v{a) = ^(A^ + ^a) = 0. Thus, 
by Neron's classification, it is an /12 fiber, defined over F2 since Y"^ +XqXY —aaX"^ = 
Y{Y + X). 



e ■ 
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Above oo, setting s = l/a, the Wcicrstrass model is 

Y'^Z' + X'Y'Z'ia'^ + 1) = X'^ + X''^Z'{1 + cr^) _ X'Z''^a^ 
The change variables X' = X + s^Z , Y' ^ Y + s^Z , Z' = Z gives the model 
Y^Z + (a2 + 1)XYZ + {a^ + a'^)YZ^ = X^ + (1 + ci^ + a^)X^Z 

satisfying i;(7) = 4, v(l3) = 4 > 2, v{^) = 3 > 2 and v{a) = w(A^ + Aa) 0. Thus, 
by Neron's classification, it is an 1^ fiber, defined over F4 since Y'^ + XqXY —a^X^ = 
Y^ + XY + X'^. 

Above f , we set s + 1 = S and the Wcicrstrass model is 

Y'^Z' + X'Y'Z'S^ = X'^ + X'^Z'S^{1 + S^) + X'Z'2(5 + 1)*^ 
The change variables X'=^X + Z,Y' = Y + X + S'^Z,Z' = Z gives the model 
Y^Z + S^XYZ + S-^yZ^ = + S^'X^Z + S-^XZ^ _^ 5.6^3 

satisfying w(7) = 6 > 4, t;(/3) = 6 > 3, via) > 2, > 2 and 11(7) = vip"^ + 

47) = 4. Thus, by Neron's classification it is an IV* fiber, defined over F4 since 
the reduced cycle A'l, is defined by ^(y^ + fi'^YZ - 7^^^) = 0. Moreover, p = 
2+ff + 3 + 6 = 22, so the i4r3-surface is supersingular and extremal since it has a 
finite Mordell-Weil group. It fits Ito's table [12]. 

2) In characteristic 3, the discriminant is equal to s^^(s — l)^{s — 2)^. So there are 
singular fibers over 0, cxd, 1 and 2. 

Above 0, the Neron's model is the reduction modulo 3 of the Neron's model over C 
Y^Z + (.s2 + l)XYZ - s8y^2 ^ x3 + (s - - s'^)X^Z 

+ (2s7 - + + _ sl6 _ 518)^3 

satisfying w(7) = 12, = 7 > 6, v{fi) = 8 > 6 and v{a) = ^(A^ + 4a) = 0. Thus, 
by Neron's classification, it is an I12 fiber, defined over F3 since Y^+XoXY—aoX^ = 
Y{Y + X). 

Above 00, setting s = l/cr, the Weierstrass model is 

Y'^Z' + X'Y'Z'ia'' -a + l)= X'^ + X'^ Z' {a'' - a - 1) + XZ'^a - a^) 

The change variables X' = X + aZ, Y' = Y + [a + l)X, Z' = Z gives the model 

Y'^Z + (^2 + a)XYZ +{a-a^ + a^)YZ^ = 

X^ ~ a^X^Z + (a - - a*)XZ^- + {-a^ + a^)Z^ 

satisfying v{(3) = 1 and v{'-f) > 2. Thus, by Neron's classification it is an /// fiber. 
Above 1, we set s ~ 1 = S and the Weierstrass model is 

Y'^Z' + X'Y'Z'iS^ + S+1) = X'^- X'^Z'{S + 1)2(1 + S^) + X'Z'^S{S^ + 1)^. 
The change variables X' = X + SZ ,Y' = Y + [S + l)X, Z' = Z gives the model 
Y^Z + S^XYZ +{S + S^ + S^)YZ^ = X^ + X^Z{S^ - S^) 

+xz^{s + 55 + s^) + (-53 + 54 - 56 + 58)^3 

satisfying v{j) > 2, v{(3) — 1. Thus, by Neron's classification, it is an /// fiber. 
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Above — 1, we set s + 1 = and the Wcicrstrass model is 

r'^z' + x'Y'z's"^ = x'^ + x'^z'{s^ + 1) - x'z'^{s^ - i). 

The change variables X' ^ X + {S"^ + l)Z , Y' ^ Y + SX + Z , Z' ^ Z gives the 
model 

Y^Z + _ S)XYZ + S'^YZ'^ = X^ + S^)X^Z + {S^ - S^)XZ^ + S^Z^ 

satisfying ^(7) = 6, v{l3) = 4 > 3, v{y) = 4 > 3 and v{a) = ^(A^ + 4a) = 0. Thus, 
by Neron's classification, it is an Iq fiber. 

Remark 3. We may also prove that in characteristic 3, Beauville's surface has 
singular fibers le, I3 and III and use the previous quadratic base change. 

□ 

Remark 4. The Galois group Ga^(F2|F2) operates non trivially on NS{Yiq/¥2). 
This result agrees with the extension for p — 2 (proved by Schiitt [24j j of Artin's 
theorem valid for p > 2. 

4.10. The L-series. If X denotes a K3 hypersm'face, the L*-series oi X is defined 

by 

a(n) 



L*iX,s) ■.^Y[ziX/¥„p-^)^Yl 



n>l 

where the product is taken over the p of good reduction. Giving a suitable value 
to the local factors corresponding to the bad primes, the L-series of the surface X 
can be expressed in terms of the Mellin transform of a modular form. 
Let us recall the formula 

1 

Z(X/¥„T} - (i_j.)(i_p2r)p2(2^) 
with P2{T) e Z[T] of degree 22 and P2(0) = 1. 
Lemma 3. For Yiq and p ^2, p^ 3, 

P2(r) - (1 - pTf\\ - {-)pT)\\ - {Zl)pT)Q2{T), 

p p 

where {j) is the Legendre's symbol. 

Proof. It follows from lemma 2, if (|) = —1, that the components Qa,i and 'df3,i, i — 
1, 2 are not defined on the base field and the Frobenius exchanges them. Similarly, 
if (^) = —1, S is not defined on Fj,. Therefore, Qa,i,'df3.i, i = 1,2, E and its 
conjugate generate a space of dimension 6 invariant by the Frobenius Fp. In this 
subspace, we have det{l — tFp) = (l—p^t'^)^. In its orthogonal space of dimension 14 
(for the intersection form) in the Neron-Severi lattice, the action of the Frobenius is 
the multiplication by p, since there is a base of cycles defined over the base field. □ 

If P2{T) = {l-pTf^[l+pTf-Q2{T) with Q2{T) = (1 - AiT)(l - A2T) e Z[T], 
then the number A^^ of F^-rational points of X ior q — p^ is given by the formula 

Ng^l + q^ + q{ki + {-iyk2) + Ag 

with Aq^Xl + Xl2. 
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Now we deduce, from lemma 3, the following corollary. In fact, Aq is the trace 
of the Frobenius for the corresponding Galois representation. The formula of the 
corollary is nothing else than the Lefschetz fixed point formula. 

Corollary 1. Let p 2, 3. 

N,{Y,o) = l + q' + 17q + 2q{{^)Y + q{{=^)Y + Aq{Y,o). 

The computation of Ng will finally give Ag and the i-series. 

Lemma 4. Let q= and p ^2,2,. We have the following congruences, 

Ng{Yw) = Aq-^+{-y + {-Y -2{-Y mod 8 
p p p 

^,(Fio) = 3-g2+3g-g(2(-r + ( — r) + (-r + (-r-2(-r mod 8. 

p p p p p 

Proof. Let us define 

Y := {{x : y: z : t) & W^/xyz{x + y + z)+ t'^{xy + xz + yz) - lOxyzt = 0}. 
The K3 hypersurface Yio is obtained from Y by blowing up the 7 double points 

-foi , Po2 , Po3 , -Po4 , -Pl2 7 -Pl3 ) P23 ■ 

Let P(F') the projective variety corresponding to 

Y' := {{x : y : z : 1) e P^/{x : y : z : 1) & Y,xyz ^ 0}. 

First we count the points in Fio with at least one zero coordinate. We get: 

• q — 2 points with only one zero coordinate of the form (x : y : z : 0) with 

X + y + z = 0, 

• 6{q—l) points with only two zero coordinates (without intersection points) 
on the double lines {t = 0, x = 0), (t = 0, y = 0), {t = 0, z = 0), 

• 3{q—l) points with only two zero coordinates (without intersection points) 
on the lines (a; = 0, y = 0), {x = 0, z = 0), {y = 0, z — 0), 

• 4 points with three zero coordinates Pqi, P02, Pos^ ^04) 

• 3 points Pqi, P02, Pq3, the intersection points of the double lines, 

• lOq points coming from the blowing up of the 7 double points and Pqi, P02 
and Po3- 

So we find 20q — 4 points with at least one zero coordinate and 

Ng{Y,o)=Ng{Y') + 20q-4. 

Now fix z, z 7^ 0,±1 and consider points with x and y ^ 0,±1. Denote iVi the 
number of such points, li {x : y : z : V) is such a point on the surface, there is also 

{l/x:y:z:l) {x : l/y : z : I) {x : y: 1/ z : I) {l/x : l/y : z : I) 

{l/x- y.l/z: 1) {x : l/y : l/z : 1) {l/x : l/y : 1/z : 1). 
Thus iVi = (8). 

Suppose z = 1. Then x + l/x + y + l/y = 8. 



20 



MARIE JOSE BERTIN 



• li X ^ y and x ^ l/y, we get the points 

{x:y:l:l) {1/ x : y : \ : I) {x : l/y: I : I) : 1/y : 1 : 1) 

together with their 6 permuted. So this number is = (8). 

• li X — y ov X = l/y, then x + 1/x = 4. So if (|) = 1 we get the points 

(x:a;:l:l) (1/a; : 1/a; : 1 : 1) (a; : 1/a; : 1 : 1) 

and their permuted, that is 12 points. 
Suppose z = —1. Then x + l/x + y + l/y = 12. 

• li X ^ y and x ^ l/y, we get the points 

{x:y:-l:l) (1/x : y : -1 : 1) (x : l/y : -1 : 1) (1/x : l/y : -1 : 1) 

together with their 6 permuted. So this number is = (8). 

• If X = y or X = l/y, then x + 1/x = 6. So if (|) = 1 we get the points 

(x:x:-l:l) (1/x : 1/x : -1 : 1) (x : 1/x : -1 : 1) 

and their permuted that is 12 points. 
Now remain the cases 

• (l:y:l:l) and the permuted i.e. y + l/y = 6; so if (|) = 1 we get 6 points 

• (-l:y:l:l) and the permuted i.e. y + l/y = 10; so if (^) = 1 we get 12 points 

• (-l:y:-l:l) and the permuted i.e. y+l/y — 14; so if (|) = 1 we get 6 points 
Counting all these points, we find 

iv,(r') = 8t+9((-r + (-r) + 6(-r 
p p p 

and 

N,{Y,o) = M-i+{-Y + {-Y^2{-y mod 8. 

P P P 

Thus by corollary 1 

A,(Yw)=3-q' + 3q-q{2i-y + { — y)) + {-r + {-Y-2i-Y mod 8. 

p p p p p 

□ 

Lemma 5. 

k,m 

From Shioda-Inose ^28J, since we know the lattice of transcendental cycles, the zeta 
function of Yio on can be expressed in terms of the zeta function of a model of 
the elliptic curve C/Z + Z\/— 2. 

Computing Np for small p, we find the corresponding Ap with corollary 1. 



p 


5 


7 


11 


13 


17 


19 


Ap 








14 





2 


-34 
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By inspection, these traces coincide with the first Fourier coefficients of the newforni 
/ = J2n^nq" of level 8 and weight 3 from [[23], Tab. 1]. We shall prove that it 
holds for every prime. 

Following now the method of Stienstra and Bankers [29], denoting Apr A^^ + Aj, 
one finds the following possibilities. 

if p = a2 + 262(p= 1, 3mod8), Ap = ±2{a^ ~ 2b^) A1A2 = ip^ 
if p = 5, 7 mods, either Ap — A1A2 — 

or Ap = ±2p, ±p A1A2 = p^. 

By lemma 7, if p = 1 or 3 mod 8, then Ap(Yio) = 2p mod 8, Ap2 = 2 mod 8 
hence Ap{Yio) = 2(0^ - 26^) and A1A2 = p^. 

Furthermore, if p = 5 or 7 mod 8, then Ap{Yio) = mod 8, Ap2 = 2 mod 8 
hence Ap{Yio) — and A1A2 — —p^. 
Thus we obtain, 

if p = a^ + 2b^{p=l, 5 mod 8), Ap(Yio) ^ 2{a^ - 21"^) X1X2 = p^ 
if P = 5, 7 mod 8, Ap{Yio) = A1A2 = -p^. 

Now, with a good choice of local factors for p = 2, p = 3, this achieves the proof of 
theorem 11). 

4.11. Proof of theorem 1 2). Denote as in [4] 

Djr = {mjT + K){fnjf + k). 
3r,A (m{T + T) + 2^ 4 



Then 



ni.K. 



(2m(r + f) + 2k)2 16 
16- 



-36 



(3TO(r + f) 4 


-2nf 
4 


^2r 

36 


. (Gmfr + f) 


+ 2k)2 


144 


Dlr 




^6r 



For fc = 10, we get r = 



and 



Thus 



Dr = ^(to^ + 2k2) 
D2r = 2to^ + 
D^r = i(9m2 + 2«2) 
I^er = 18m^ + K^. 



"^(^10) -^[16x4^ 

m,K. ^ 

4fc2 1 
^36 X 8-— — — + 36 X 4- 



(9m2 + 2fc2)3 (9m2 + 2fc2)2 



22 MARIE JOSE BERTIN 



4fc2 1 

-36 X 4——^ — + 36 X 4- 



(18m2 + /(;2)3 (18m2 + fc2)2J 
This, in turn, can be written as 

\/2 , to2 - 2k2 

w(Pio) = TTT-^ 16 X 4 > - — ^ „ 

m,K. 

9m2 - 2k2 1 
+36 X 8-—^ — — r-T - 36 X 4- 



(9to2 + 2^2)3 (9m2 + 2«;2) 

k2 - 18to2 1 

+36 X 8-^^ -— r-ir + 36 X 4- 



2 



(K2 + 18m2)3 (18to2 + k2)2J- 

Lemma 6. (Zagier 35jj The following equalities hold: 
(1) 

where 



more precisely 



A(2)^^L(,_3,2). 



(2) 

^ fc2 _ I8m2 ' 9^2 - 2fc2 _ 2 27 ,A m2 - 2fc2 



(fc2 + 18m2)'' ^(9m2 + 2fc2)'* ' 3" 32« ' ^ (to2 + 2fc2)^ 

Proof. 1) Consider n = fc2 + 2m2. 

• If 3 t A; and 3 I m, then k'^ + 2m2 = fc2 + i8to'2 ee 1 mod 3. 

• If 3 I A: and 3 t m, then k"^ + 2m2 = 9fc'2 + 2m2 ee -1 mod 3. 

• In the two other cases, 3 | n. 

Thus 

A{s) = 2 ^ — = 2L(x-3, s)L(x24, s) 

n— 1 ^ ' 

since 

oo 



If s = 2, since 2L(x24, 2) = we deduce 

^(2, = J;1l(x-„2,. 

2) Denote 

A P „ ;L8r7i2 A 9m2 - 2fc2 



(fc2 + 18m2)« ^ (9m2 + 2^2)^^ 
and define 

1 >A /c2 _ 2to2 
■~ 2^ (fc2 + 2m2)«' 
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Now 

oo 
ri=l 

with / a cusp form of weight 3 and level 8. Moreover, the L function L{f, s) has 
an Euler product expansion 

^) = l-a33--V33-i-^- n ^.(/' 
Since 03 = —2, it follows 

L{sJ)^—^—^\{L,{f,s). 

i + 3, + 337 p_^3 

Now 

A - 2fc^ ^ - 2fc^ ^ - 2fc2 



(m2 + 2fc2)^ ^ (m2 + 2fc2)^ ^ (^2 _^ 2A:2) 

3|fc,3tm ^ ' 3|m,3tfe ^ ' 3|fe,3|m ^ ' 

^ (m2 + 2fc2)«+ Z^ (TO2 + 2fc2)s^ ^ + 3s + 32 J 
3|fc,3tm ^ ' 3tfe,3|m ^ ' 



and 



So, 



(m2 + 2fc2)« ^(^2 + 2^2)^' 

3|fc,3|m ^ ' ^ ' 



i?Gs) = 25(1 + - + ^) + 4x9^-^5 

2 27 
-25(l + :f + ^). 

^ o.s n.s ' 



Thus, by the previous lemma, we get 



□ 



/r. N „ , 3 X 8%/2 77i2 - 2^2 
m Pio) = 2(^3 + — > , 2 I o 2^3 

= 2d3 + 3m(P2). 

This is precisely the relation guessed numerically by Boyd [6] and finally 

(V \ 0^1 1 I det Ty, J 
m(Pio) = 24 + ^ L(Yio,3), 

that achieves the proof of theorem 12). □ 
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